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The structure of an abelian automaton is studied in connection with the notion of the 
stage and the transition structure of an automaton i troduced in [6]. 
The transition structure of an abelian automaton and the commutativity of its 
automorphism group are investigated. 
Each stage of an abelian automaton is a perfect automaton with a subset of input 
symbols related to the stage, and if stages S and S' are in the relation S > S', then 
the stage S' is decomposed into a disjoint union of perfect automata that are homo- 
morphic images of the perfect automaton defined by the stage S and isomorphic to 
each other. 
1. INTRODUCTION 
1.1. Introduction 
Structures and algebraic properties of abelian automata re investigated. 
Rabin and Scott [1] started the algebraic theory of automata by introducing the 
concept of the characteristic semigroup of an automaton. Fleck [2] showed that the 
set of all automorphisms of an automaton forms a group and that a perfect automaton 
(a strongly connected and commutative automaton) has a structure similar to an 
abelian group. Weeg [3] showed that the automorphism group of a strongly connected 
automaton is a regular permutation group on the state set and thus found its property 
as a permutation group. Bavel [4] studied the relation between the structure and 
functions of automata by intoducing a Primary automaton. In [6], the author intro- 
duced the notion of stage and transition structure of an automaton and obtained the 
result that the subgroup Go(A ) of automorphism group G(A) of an automaton A is a 
subdirect product of regular permutation groups R0(S1),..., Ro(Sn) on the stages 
$1 ,..., Sn of A. 
Our main object is to study the structure of the stages of an abelian automaton. 
1.2. Definitions and Preliminary Results 
An automaton is a 3-tuple A -~ (K, 27, 3), where K is a finite set of states, 27 is a 
finite set of input symbols and 3: K • 2:--+ K is a state transition function. 
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We consider, in this paper, completely specified and deterministic automata without 
output. 
The above definition of the state transition function is extended to 
3: K • Z*---~K 
bya(s, xa) := 3(a(s, x), a), 3(s,~) =s ,  Vs~K,  VxEZ*,* Va~Z.  
Let A = (K, 22, 3) be an automaton. If for states p, q there exists x 6 27* such that 
3(p, x) - - q, then q is said to be reachable from p, or p is said to be connected to q. 
Automaton A is said to be connected, if there exists a state s o and for any state s of A, 
there exists x e Z* such that 3(s o , x) = s. Statesp and q are said to be strongly connected, 
if p and q are reachable from each other. Automaton A is said to be strongly connected, 
if each pair of states of A are strongly connected. 
Nonempty subset K0 of K is said to be a generating system of A, if for any state 
s of K, there exist t a K o and x a Z* such that 
8(t, x) = s. 
Of cource, K is always a generating system of A. 
K 0 is said to be a minimal generating system of A, if no proper subset of K 0 is a 
generating system of .4, 
Let A = (K, Z, 8) be an automaton, then the automaton B = (K', Z', 3') is said 
to be a subautomaton of A, if K '  _ K, Z '  C X, 8' is the restriction of 8 to K '  • Z '  --~ K' ,  
and the following is satisfied 
seK' ,  x~Z'* =-3(s,x)~K'. 
Thus, in this paper, it is assumed that a subautomaton is completely specified and 
deterministic. 
If K '  ~ K and 27' = Z, then B is called a K-subautomaton a d denoted by B CK A 
or B C A. If K '  ~ K and S '  ~ Z, then B is called a X-subautomaton and denoted by 
B Cz A. If K '  ~ K and Z' ~ X, then B is called a (K, 27)-subautomaton and denoted 
by B C(K,Z)A. In this paper, K-subautomaton is sometimes abbreviated to sub- 
automaton. 
Let A = (K, Z, 8) be an automaton. If the partition 
K=S tUS2( j ' ' 'wSn ,  S ,~S j=r  ( i~ j )  
of the state set K satisfies the following 
p, q 6 Si ~ p and q are strongly connected, 
then each Si is called a stage [6]. 
1Z* -- {~}wZW~2U'" ,  ~x = x~ : x for al lxEZ*. 
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From this definition, a strongly connected automaton is constituted of only one 
stage. 
Let A = (g, Z', 8) be an automaton. We say that there exists a direct transition 
from the stage S i to the stage S t , if for some state s i of S~, there exists a e Z' and 
~(si, a) is a state of S j .  When there exists a direct transition from Si to S~, S t is said 
to precede Sj and denoted by S~ ~> Sj .  
If for stages S 1 , S , ,  there exist stages S 2 , Sa, "", Sn_ 1 such that 
Sl >~ S2 >~ "" >~ Sn_l >~ S~ , 
S x is said to precede S~, and denoted by S t //- Sn.  
The set of stages of an automaton M with the relation defined above is called the 
transition structure of 3 and denoted by K/S~. [6] 
Then the transition structure K/S, of A is a partially ordered set [6]. 
There are intimate relations between the transition structure and the generating 
system. Let S 1 ,..., Sm (m ~> 1) be the stages that are the maximal elements in Klan, 
and K 0 be a generating system of A. Then, 
KooS,=/= $ ( i=1 ,2  ..... m). 
And, let M o be a minimal generating system of A, then 
I M0n S ; i -=t  ( i=  1,2 ..... m), 
]M0j =m,  
where [ X denotes the cardinal number of X. 
Let A = (K, Z', 8) be an automaton, and S t .... , S,, be stages that are the maximal 
elements in K]~+. Then, the set {$1 .... , Sin} is said to be the generating stage set of A. 
If subautomaton B has the generating stage set {S t ,..., Sin}, we say that B is 
generated by S 1 ..... S, , .  
Mapping of an automaton means a mapping on the state set. 
Let A = (K, Z', ~) and B = (T, Z', 7) be automata. Then, h: A ---+ B is said to be a 
homomorphism, if for any s ~ K, x ~ X*, 
h(,(s, x)) = r(h(s), x). 
Furthermore, if h is one-to-one, then h is said to be an isomorphism. A homomorphism 
from A to A is called an endomorphism and an isomorphism from A to A is called an 
automorphism. 
Automaton A = (K, Z', 3) is said to be commutative or abelian if for any s E K and 
x, y ~ ~<, 
~(,, ~v) =-: a(s, yx). 
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The automaton is said to be perfect if it is strongly connected and abelian [2]. 
In the following, the relation between the perfect automaton and the stages of the 
abelian automaton is described. 
2. STRUCTURE OF ABELIAN AUTOMATA 
In this section, properties of the transition structure of abelian automata re in- 
vestigated. 
].,EMMA 2-1. Let A be an abelian automaton. I f  for stages S, S" of A, there exists 
a stage S O such that 
So > S and So > S', 
then there exists a stage T such that 
S >~ T and S' >/ T. 
Proof. Let s o be an arbitrary state of S 0. For the states and s' of stages S and S',  
respectively, there exist x, y ~ 27* such that 
3(So, x) ---- s and 3(So, y) = s'. 
From commutativity of-//, 
3(So, xy) = 3(s o, yx), 
and let t = 8(So, xy) = 3(s 0 , yx) and T be the stage to which t belongs, then S >/T  
and S' >/ T. Q.E.D. 
LEMMA 2-2. The transition structure of a connected abelian automaton has the 
smallest element. 
Proof. Omitted. 
DEFINITION 2-1. An automaton A is said to be a component automaton if the state 
transition graph is connected when the orientation is removed. 
THEOREM 2-1. The transition structure of an abelian component automaton has the 
smallest element. 
Proof. Let A be an abelian component automaton. Let {S 1 ..... S,~} be the gener- 
ating stage set of A and define U 1 ,..., U~, as follows. 
U~ =(S  I S~ >~ SL..., U,, =(S IS , ,  >~ S}. 
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Then, the set of states of the stages belonging to U i constitutes a maximal connected 
subautomaton. 
Since the transition structure of the connected automaton has the smallest element, 
let T 1 ..... Tm be the smallest elements in U1 ,..., Urn, respectively. I f  Ui n U s :~ $, then 
there exists a stage S such that S e Ui t~ Uj and S /> Ti, S ~> T~. 
Since Ti and T s are the smallest elements of Ui and Us, respectively, then Ti = Tj 
by Lemma 2-1. 
Since .4 is a component automaton, Ui (i = 1 .... , m) has a nonempty intersection 
with at least one U s , then Ti (i = 1 ..... m) coincide each other. Hence the theorem. 
3. AUTOMORPHISM GROUPS OF ABELIAN AUTOMATA 
Fleck [2] showed that the set of all automorphisms of an automaton, denoted by 
G(A), forms a group and called it the automorphism group of ` 4. Weeg [3] showed 
that the automorphism group of a strongly connected automaton is a regular permuta- 
tion group on the state set of ` 4, where the regular permutation group G(X) on a set X 
is a permutation group such that for any g e G(X) and s ~ X, if g~(s) = s for some 
positive integer n, then g~(t) = t for every t E X. 
A subgroup Go(~/) of the automorphism group of an automaton .4 = (K, 27, 8) is 
defined as follows [6] 
Go(A ) = {g ~ G(A) [ for every s ~ K, g(s) belongs to the same stage as s}. 
In general, any element of a permutation group is represented as a product of cyclic 
permutations. As any element of Go(A ) of an automaton A holds each stage as an 
invariant, then the cyclic permutation of the element consists of the permutation on 
the set of states of a stage. Let S be any stage of an automaton A and denote the 
restriction of Go(A ) to S by Ro(S ) and call it the group on the stage S [6]. 
THEOREM 3-1. [6]. Let .4 be an automaton and S 1 ..... S~ be the stages of.4, and 
R0(S1),... , Ro( Sn) be the groups on the stages $1 ,..., Sn,  respectively. Then, Ro(Si) is a 
regular permutation group on the stage Si and G0(A) is a subdirect product s of R0(S1) ..... 
Ro( S.). 
In this paragraph, we note what influence commutativity has on the automorphism 
group. 
LEMMA 3-1. Let .4 be an abelian automaton, then Go(M ) is an abelian group. (Note 
that G(A) need not be abelian.) 
2 Definition of a subdirect product of groups is found in [5]. 
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Proof. First, we show that the restriction Ro(S ) of Go(A) to any stage S is abelian. 
Let h, h' be elements of Ro(S ) and for any states s, let 
h(s) = s l ,  ~(s, x)  - s~, x 9 ~*,  
h'(s) = s2, 8(s, y) ---: s2, y 9 X*. 
and 
Since A is abelian, 
8(s, xy) =- $(s~, y) = s 3 =- 8(s2, x) =: 8(s, yx) 
h'h(s)  - h'(h(s)) - h'(8(s, x)) = 8(h'(s), x) 8(s2, x) s3, 
hh'(s) = h(h'(s)) = h(8(s, y)) = 8(h(s), y) = 3(s, , y) = s~ , 
hence hh' = h'h, thus Ro(S ) is abelian. Let the stages of A be S 1 ..... S,, . Since Go(A ) 
is a subdirect product of Ro(S1) ..... R0(&,), any element of Go(A ) is represented as 
follows: 
g -- gxg2""gm ; gx 9 Ro(S1),..., g,~ 9 Ro(S,,), 
where gl and gj commute with each other. Hence Go(A ) is abelian. Q.E.D. 
In general, however, it is known that G(A) is not always abeiian and the example 
is easy to find. But if A is connected, then from the following results G(.4) is abelian. 
LEMMA 3-2. Let A be a connected abelian automaton and S O be the generating 
stage of A. Then G(A) = i So [. 
Proof. Let s o be any state of S o . For arbitrary state s of S o , there exists x 9 Z'* 
such that s = 3(So, x). 
For any y, y '  9 Z'* such that 3(So, y) = 3(So, y'), the following is valid. 
S(s, y) = 8(8(s o , x), y) = 8(s o , xy) = 8(s o , yx) = 8(SCso, y), x) 
--: 8(8(s o , y'), x) = 8(s o , y'x) = 8(So, xy') ---- 8(S(s o , x), y ' )  = 8(s, y') .  
Hence, for any state s of So, we can find g 9 G(A) so that g(So) = s shoud be given. 
And for g, g' 9 G(A), 
g = g '~ g(so) = g'(so). 
Hence I G(A) I - I So ]. Q.E .D .  
LEMMA 3-3. Let A be an abelian automaton. I f  for the state s o of some stage S and 
for a 9 S, 8(s o , a) belongs to S', then for any state s' of S, 8(s', a) 9 S'.  
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Proof. Without loss of generality, we may assume that the automaton is generated 
by S. 
Let s o be a state of S, then for any state s of S, by Lemma 3-2 there exists an element 
g of G(A) such that g(so) = s. Since 8(So, a)~-  t o c S', g(to) ~ g(8(So, a)) -= 3(g(so), a) = 
3(s, a) --- t'. And since there exists x 9 Z'* such that 3(So, x) - s, the following are 
valid: 3(So, xa) = 3(3(s0, x), a) - -  3(s, a) : :  t' - 3(s0, ax) - 3(3(s0, a), x) : -  3(t0, x), 
and 3(g(so) , a) : 3(t o , x) -- t' ~ g(to). Since g(to) belongs to S' or to the stage that is 
incomparable in K/~, ,  and as 8(to, x ) : -g ( to ) ,  g(to) belongs to S'.  Hence 3(s, a) 
belongs to S'. Q.E.D. 
From this lemma, we get the next theorem. 
THEOREM 3-2. Let A be a connected abelian automaton, then G(A) = Go(A). 
Proof. Omitted. 
COROLLARY 3-1. Let ,4 be a connected abelian automaton, then G(A) is an abelian 
group. 
4. STRUCTURE OF TIlE STAGES OF AN ABELIAN AUTOMATON 
In this section, we investigate the structure of stages of an abelian automaton. 
From Lemma 3-3, for a state s o of a stage S of an abelian automaton A, if 3(s0, a) 9 S, 
a 9 X, then for any state s of S, 3(s, a) 9 S. So, the input symbols possessing the above 
property are intrinsic to the stage. 
DEFINITION 4-1. For a stage S of an abelian automaton A = (K, Z', 8), Z' s is 
defined as follows. 
Zs  :,: {a 9 Z 18(s, a) e S, s E S}. 
LEMMA 4-I .  Let A be a connected abelian automaton and S O be the generating stage 
of .,t. Then, for any stage S, 
8(s, ~o) c s. 
Proof. We may consider the stage S to which there exists a direct transition from 
S o . For any state s o of So, there exists a ~ (X-XSo) and 3(So, a) =: t o ~: S. 
For any b ~- XSo , 3(so,b)= s 9 S o and 3(to,b) = 3(so , ab) = 3(so, ba) = 8(s, a). 
From ]_,emma 3-3, 3(s, a )E  S, then 3(to, b )  9  S. Therefore, for any state t of S, 
8(t, b) 9 S and thus 3(S, Xso ) C S. Q.E.D. 
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LEMMA 4-2. Let tt be an abelian automaton. I f  stages S and S'  satisfy the relation 
S ~.. S', then • C I s ' .  
Proof. Omitted. 
LEMMA 4-3. Let A be an abelian automaton. Let A'  = (S, I s ,  8s) be (K, S)-sub- 
automaton of A, where 3 s is the restriction of 3 to S • I s*  --+ S. Then A '  is a perfect 
automaton. 
Proof. Omitted. 
Notation. Let the (K, X)-subautomaton (S, i s ,  3s) be denoted by A gs. And 
for a subset '1" of S and I s '  of I s , if (T, I s ' ,  3r), where 3 r is the restriction of 3 to 
T /. I s*  - ~ T, is a deterministic automaton, then let it be denoted by A~s'. 
' ~S '  LEM/VlA 4-4. A T is a perfect automaton, if Arts" is connected. 
Proof. Omitted. 
THEOREM 4- l. Let A be a connected abelian automaton and S o be its generating stage. 
ArS, , which are homomorphic Then for any stage S, Agso is a disjoint union of .4~so ..... r 
images of Ar~o and isomorphic to each other. 
Proof. First, we may consider the stage S to which there exists a direct transit ion 
from S o . 
From Lemma 4-1, 3(S, 2,'so ) C S and we define the subset T t of S as follows. 
"11 ---: (t ~ S '~ 3a ~ (X -- I s , ) ,  ~s ~ S o such that 3(s, a) ~ t}. 
Then,  3(T1 , • T 1 . Because if for s E S o , t e S, there exists a E (X - -  Xso ) and 
8(s, a) --: t is satisfied, then fi~r any b ~ I% 
3(s, ab) -- 3(t, b) -- 3(s, ba) -- 3(3(s, b), a), 
hence 3(t, b) -c 7"1, and therefore 3(Tx, XSo) C T 1 . 
Conversely. for any t' r T x , there exist s' E S O , a ~ ( I  --  I s . )  such that 3(s', a) =: t'. 
And there exists x ~ Xs* ~ such that 8(s, x) = s', and from 
3(s, ax) : 8(3(s, a), x) = 3(t, x) : :  3(s, xa) = 3(3(s, x), a) = 3(s', a) -:- t', 
t' belongs to 3(7'1, l so  ). Hence, 3(7"1, I so  ) T I .  
Next, we show that T 1 is a homomorphic image of S O . 
A mapping h: S 0 -4  T x is defined as follows: let s o be any state of So, then for 
some a E (2: - Iso), there exists a state t o ~ T 1 such that 3(So, a) = t o . For this s o and 
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to, we define h by h(so)= t o and for x e Z* ~ h(~(s o, x ) )= 3(to, x). For any x, 
y 6 27" 0 such that 8(So, x) - 3(so, y), from 3(s o , a) - :  t o and commutativity of A, 
tS(t0, x) --: 3(s 0 , ax) - 3(So, xa) - :  3(3(So, x), a) == 3(8(s o,y), a) =- 3(So, ya) : = 3(to, y). 
Then, h is single valued. 
h(~(,o, x)) = *(to, x) *(h(So), x), 
and for any s c So, there exists y e Z~' ~ satisfying 8(s o , y) - s, so if t is defined by 
~(t0,y) :- t, then, 
h(3(s, x)) - h(8(s o , yx))  = 8(h(so), yx)  -- 8(3(t o , y), x) = 3(t, x) 
and by definition h(s) = 3(to, y) =: t, therefore 
h(~(~, x)) ~(t, x) = ~(h(s), .,.). 
Thus, h is a homomorphism. 
Since 3(So, ZSo ) S 0 and 3(Ti , Zso) - -  T 1 , h is a homomorphism of S O upon 7' x . 
Next, we consider the (K, Z)-subautomaton Ars s defined by stage S and Zs .  
From S O 7> S, Zso C Zs  and As zs is a perfect automaton. 
Since .4~s0 is also a perfect automaton, there exists a subgroup of G(Aw whose 
transitive class is T a , so let the subgroup be H. l I  is a regular permutation group on S 
and let its transitive classes be T 1 ,..., Tin, then 3(T i ,  Zso) - -T i  (i :: 1,2 ..... m) 
and for each residue class g,H of H, we can choose gi to satisfy 
g,H(T1) = T , .  
Hence T~ and Zso constitute an automaton A~so isomorphic to A~so. Therefore A~so 
is a disjoint sum of A~fo ..... A~so that are homomorphic images of A~so and isomorphic 
to each other. 
Next, we consider the stages S o , S, S '  such that S o > S > S', where there exist 
direct transitions from S o to S and from S to S'. 
If there exists the same relation between S O and S, and S and S'  as before, then we 
show that the same relation exists between S O and S'. Let Zs0, ~'s ,  Z's be defined as 
before, then 
ZSo C Zs  C= Zs" 9 
Let ArSo ,. . . . .  4rrSo be automata defined by S decomposed into homomorphic images 
ofA~so ~ And let A~s .... , Af~s be automata defined by S'  decomposed into homomorphic 
images of Ags. 
152 YUKIO SHIBATA 
Let h, f  be homomorphisms defined as follows, 
h: A -S' o -+ 
As A~o is a (K, 27)-subautomaton of A~ s, let V t be an image of T 1 by f, then 
3(V1, Xs0 ) = V1, so V 1 and Zso constitute a (K, Z)-subautomaton f A~s and let it 
be A~so; then A~so is also a perfect automaton. And A~so is a homomorphic mage of 
A~so hence 
"~0 ' 
By the similar discussions, A~so is a disjoint union of automata isomorphic to A~so. 
Bx" s" . repeating this process, for any stage S such that S O ~> S, A~so is a disjoint 
union of automata which are homomorphic images of A~so and isomorphic to each 
other. Q.E.D. 
COROLLARY 4-1. Let A be an abelian automaton and S, S' be stages. If S and S' 
satisfy the relation S > S', then A Zs, is a disjoint union of automata which are homo- 
morphic images of A~s and isomorph ~tc to each other. 
COROI.LARY 4-2. Let A be an abelian automaton and S, S' be stages. 1_[" S and S' 
satisfy the relation S > S' and Z s = S s, then A zs" is a homomorphic mage of A~s. 
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